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Introduction

In the ever �evolving world of quantitative finance, the quest for a robust framework that can explain how prices 

move, how risks are priced, and how arbitrage opportunities are eliminated has led to the development of 

sophisticated mathematical tools. Among these tools, arbitrage theory in continuous time stands out as a 

cornerstone, especially as presented in the Oxford Finance Series. This series, known for its rigorous yet

accessible approach, brings together leading scholars to explore the intersection of probability theory, stochastic

calculus, and financial economics. Whether you are a graduate student, a practicing risk manager, or an academic

researcher, understanding the principles laid out in this series will equip you with the intellectual arsenal needed to

navigate complex markets.

What is Arbitrage Theory?

Basic Concepts

Arbitrage refers to the practice of exploiting price discrepancies for the same asset across different markets or 

instruments, yielding a risk �free profit. The fundamental premise of arbitrage theory is that in efficient markets, such 

opportunities cannot persist because rational traders will quickly eliminate them. This leads to the concept of a 

no �arbitrage condition, which underpins much of modern financial theory.

Historical Development

From the early 20th �century observations of market inefficiencies to the seminal works of Merton and Black,

arbitrage theory evolved alongside the maturation of financial markets. The introduction of continuous �time models

in the 1970s, particularly the Black–Scholes framework, provided a formal mathematical setting in which the

absence of arbitrage could be rigorously defined and tested. The Oxford Finance Series has played a pivotal role in

disseminating these ideas, offering comprehensive expositions that bridge theory and practice.

Continuous Time Models in Finance

The Role of Brownian Motion

Brownian motion, or Wiener processes, form the backbone of continuous �time modeling. By modeling asset price

dynamics as stochastic differential equations driven by Brownian motion, we capture the random fluctuations

observed in real markets. The continuous nature of Brownian paths allows for the application of powerful

mathematical tools such as Itô calculus, which in turn facilitates the derivation of pricing formulas and hedging

strategies.

Stochastic Differential Equations

Stochastic differential equations (SDEs) describe how the value of an asset changes over infinitesimally small time

intervals. A generic SDE takes the form:

1.  dx(t) = ;Â‡BÂ�‚‡B’–GB�²�Ã(t, x(t))dW(t)

2.  where ;Â�—2�F†R�G ift term, <2�F†R�`olatility, and dW(t) the Brownian increment.



By solving these equations under appropriate boundary conditions, one obtains probability distributions for asset

prices at future dates, which are essential for derivative pricing and risk assessment.

Oxford Finance Series Overview

Series Objectives

The Oxford Finance Series aims to provide a comprehensive, mathematically rigorous yet pedagogically clear

treatment of modern financial theory. The series covers a broad spectrum of topics, from the fundamentals of

arbitrage theory to advanced topics like stochastic volatility and credit risk modeling. Each volume is authored by

leading experts, ensuring that the content stays at the forefront of research.

Key Authors and Contributions

Notable contributors include:

•  Peter Carr – known for his work on option pricing and stochastic processes.

•  Robert Merton – co �developer of the Black–Scholes model and a pioneer in continuous �time finance.

•  John Hull – author of the widely used textbook on options, futures, and other derivatives.

These authors, among others, have shaped the series into a definitive resource for anyone interested in the

mathematical underpinnings of finance.

Arbitrage Theory in Continuous Time: Core Ideas

Fundamental Theorem of Asset Pricing

The cornerstone of arbitrage theory in continuous time is the Fundamental Theorem of Asset Pricing (FTAP) .

The theorem states that a market is arbitrage �free if and only if there exists an equivalent martingale measure

(EMM) under which discounted asset prices are martingales. In other words, if you can transform the probability

measure so that expected future discounted prices equal current prices, arbitrage is impossible.

No �Arbitrage Conditions

In continuous �time models, no �arbitrage conditions are often expressed through the absence of arbitrage

opportunities in the limit as the time step approaches zero. This requires that the drift component of an asset’s

price dynamics be adjusted appropriately to ensure that the discounted price process does not drift upward or

downward under the risk �neutral measure.

Equivalent Martingale Measure

An equivalent martingale measure is a probability measure that is absolutely continuous with respect to the

real �world measure and under which discounted asset prices follow martingale dynamics. Girsanov’s theorem

provides a systematic way to construct such measures by adjusting the drift terms of the underlying stochastic

processes.

Mathematical Foundations

Measure �Theoretic Probability

Measure theory provides the formal language needed to handle continuous �time stochastic processes. Concepts

such as sigma �algebras, probability measures, and expectation operators are essential for defining Brownian motion

and stochastic integrals rigorously.

Girsanov's Theorem



Girsanov's theorem allows us to change the probability measure in a way that transforms the drift of a Brownian

motion. This is critical for moving from the real �world measure (P) to the risk �neutral measure (Q). The theorem

states that if we define a new measure Q via a Radon–Nikodym derivative:

dQ/dP = exp("�"+;‚‡2–Er‡2’�!"�Ò"³¸²(s)ds)

then under Q, the process W02‡B• = W(t) + "+;‚‡2–G0 becomes a Brownian motion. This transformation is the

mathematical engine behind risk �neutral pricing.

Martingale Representation Theorem

The Martingale Representation Theorem asserts that any martingale under the risk �neutral measure can be

expressed as an integral with respect to Brownian motion. This result is fundamental for constructing hedging

strategies and proving completeness of markets.

Practical Applications

Pricing Derivatives

Arbitrage theory in continuous time is the backbone of derivative pricing. By assuming a risk �neutral measure, we

can compute the expected discounted payoff of a derivative:

Price = E^Q[e^(-rT)·Payoff]

where r is the risk �free rate and T the maturity. This approach leads to closed �form solutions like the Black–Scholes

formula or numerical methods for more complex payoffs.

Hedging Strategies

Continuous �time hedging involves dynamically adjusting a portfolio of underlying assets to offset the risk of a

derivative position. The delta �hedging strategy, derived from the derivative’s sensitivity to the underlying price, is a

direct application of the martingale representation theorem.

Risk Management

Understanding the no �arbitrage framework allows risk managers to assess whether a portfolio is properly

diversified. By modeling asset returns in a risk �neutral framework, one can compute Value �at �Risk (VaR) and

Expected Shortfall (ES) with greater precision.

Case Studies from Oxford Finance Series

Example 1: Black–Scholes Model

The Black–Scholes model is a canonical example of continuous �time arbitrage theory. The model assumes

geometric Brownian motion for the underlying asset and derives a partial differential equation whose solution yields

the option price. The model’s assumptions—constant volatility, frictionless markets, and continuous trading—are

explicitly tied to the no �arbitrage condition.

Example 2: Interest Rate Models

Interest rate models like the Vasicek and Cox �Ingersoll �Ross (CIR) frameworks illustrate arbitrage theory in a

multi �asset setting. These models describe the evolution of short rates and are calibrated to bond prices. The

no �arbitrage condition ensures that the model’s drift terms are consistent with observed term structures.

Example 3: Credit Risk Models



Credit risk modeling incorporates default events into continuous �time frameworks. Structural models, such as the

Merton model, treat the firm’s equity as a call option on its assets, while reduced �form models treat default as a

stochastic jump process. In both cases, arbitrage theory dictates the relationship between default intensity,

recovery rates, and bond prices.

Critiques and Limitations

Market Frictions

Real markets exhibit transaction costs, bid �ask spreads, and liquidity constraints—all of which violate the idealized

assumptions of continuous �time arbitrage theory. While extensions exist to incorporate these frictions, they often

complicate the mathematics significantly.

Computational Challenges

Even with advanced numerical techniques, solving high �dimensional stochastic differential equations remains

computationally intensive. This is particularly true for models with stochastic volatility or jumps, where analytical

solutions are rarely available.

Empirical Validation

Empirical studies have shown that markets sometimes deviate from the no �arbitrage assumption, especially during

periods of stress. These deviations challenge the practical applicability of purely theoretical models and highlight

the need for robust stress testing.

Future Directions

Machine Learning Integration

Machine learning offers new ways to approximate complex pricing functions and to detect subtle arbitrage

opportunities. Hybrid models that combine deep learning with rigorous arbitrage constraints are an emerging

research frontier.

Quantum Finance

Quantum computing holds the promise of solving high �dimensional problems exponentially faster. Researchers are

exploring quantum algorithms for option pricing and risk analysis, which could revolutionize how continuous �time

arbitrage theory is applied.

Regulatory Impact

Post �financial �crisis regulatory reforms, such as Basel III and MiFID II, impose stricter capital and transparency

requirements. These regulations influence the assumptions of arbitrage models, prompting the development of

more realistic frameworks that account for capital constraints and regulatory risk.

Conclusion

The study of arbitrage theory in continuous time, as meticulously
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